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The physics of curling
Non central elastic collision of two identical circular stones

1. Curling and the physics of collisions

Curling is an excellent example of demonstrating a non central elastic collision of two identical
bodies on an (almost) frictionless underlay.

The non central collision is, however, much more physically and mathematically intriguing, than
the central collision, which was earlier an integrated part of the Danish curriculum in the 9-12
grade high school.

We shall therefore begin discussing the central collision with two bodies with different masses to
introduce general concepts and notations.

2. The central elastic collision

We shall consider a central collision of two bodies (1) and (2). Since the movements are along a
straight line, we shall drop the vector symbols, and instead use signed variables.

Velocities before the collision are consequently designated with a low letter «, and velocities after
the collision are consequently designated with a low letter v. The two bodies are designated with
subscript (1) and (2). So for example: v, is the velocity of body (1) after the collision.

To ease the mathematics, we shall initially perform the calculation with the assumption that body
(2) is at rest before the collision, so that u; = 0. Afterwards we shall deal with the general case.

For the elastic central collision we have conservation of energy as well as conservation of
momentum.

(2.1) I: mu, =my, +m,v, (Conservation of momentum, where u, = 0)
I: mu’ =tmy? +Lim,yv,’ (Conservation of the kinetic energy)

We shall then solve these two (nonlinear) equations to find v; and v, , the velocities after the
collision. This is done by some mathematical rearrangement.

1: m1(u1_v1):m2V2 I: ml(”l_vl):m2v2
(2.2) <
: tmw’ —v)=1my,’ I my(u=w) @ +v) =myv,’

In the latter expressions we then divide /7 with /7, but keeping / for the sake of doing one to one
calculations.

Ieom(u,—v) =m,v, Ieom(u —v) =m,yv,

<~
II: (u+v)=v, vv,=0 II: u+v=v, vv,=0
I: u—-v,=0 v I+ m(u,—v,)=m,(u,+v)

From the last expression, we may find v, and subsequently find v, by inserting it in u, +v, =v,.
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m, —m 2m
(2.3) vw=—"—"2u A v,=—7"1—y Y% v, =0 A v, =u
m, +m, m, +m,

From (2.3) it appears that the velocities after the collision v; and v, can be evaluated when the
velocity u; together with the masses m; and m; are known.

The solution v,= 0, although mathematically correct, has no physical interest since it means that
the two bodies passing each other without interacting.

From the solution it is also evident that v, (the velocity of (2) after the collision) is always
unidirectional to u;, (the velocity of (1) before the collision), while v; (the velocity of (1) after the
collision) is unidirectional to u; if : m; > my, and opposite directed u; if m; < m, (it is reflected)
In the case m; = m,, we can see that v, = u; and v; = 0. This means that the two bodies swap
velocities, a phenomenon, which is well known for any pool player.

If we assume that m;, is infinitely larger than m, (e.g. a ball hits the floor), then we know the result
from experience, but the equations also give the answer, if we divide (1.7) by m; both in the
numerator and denominator, and uses that m,:m, is practically zero.

m o o M

m m
vw=—"2—u=-u A v,=—2>u =0

m, m

—+1 —+1

m, m,

The floor rests where it is, and the ball returns with the same but opposite velocity.
We have included this result, because it is imperative for developing the kinetic theory of gasses.

The general case, where both bodies are moving before the collision can be treated similar to the
derivations above, requiring only a little more mathematical cunning.

I mu, +myu, =my, +m,v, (Conservation of momentum, where u, <> 0)

2 2 2 2 . . .
II: tmu +Imu,” =imy,~ +3im,v, (Conservation of the kinetic energy)

Ieomy(uy =) =my (v, —u,)

o omu’ =v)=m," —u,’)

I omy(uy —vy) =m, (v, —u,)

I my(uy —v)(uy + ) =my (v, —u,) (v, +uy)
Dividing /I by I:

I:

II: u +v,=v,+u,

ml(ul - vl) = mz(vz _uz)

I: myv, +my, =mu, +myu, II:v,-v,=u-u,
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Multiplying II by m; and solving the two linear equations:
I: myv, +my, =mu, +myu, 1I: my,—my, = mu, —myu,
(my + my)vy = 2myu, + (my — my)u, = 2(myu; + myuy) — (my +m,)u,

When solving for v, , we find the expression below. The expression for v, is found in the same
manner.

2(mu, + mu 2(mu, + mu
(24) V1= ( 11 2 2)_u1 A sz ( 11 2 2)_u2
m, +m, m, +m,

If we put u; =0, we retrieve (after a minor reduction) the expressions (2.3).
2.1. Introducing the centre of mass (CM) system.

For two particles, having the velocities u, and u,, and masses m; and m,, the velocity of the CM-
system v, (Itis the velocity of the Centre of mass) is given by the equation:

- mi, + m,u
(2.5 Voyy = ———22%
m, +m,

Velocities in the CM are consequently designated with a hyphen. So we have:

mu, +m,u
- s N _ 5 — 37 171 2772
(2.6) U =U +Vey, = U =U —Vy =U —W
1 2
~, my(u,—u . . - m, (U, —u
u'= my(#, ~h,) And in a similar manner: i,'= _m(h i)
m, +m, m, +m,

We notice that to total momentum of the system is zero, since:

. _ ~ o ommy (U —uy)  mym (U, —u,) = D
(2.7) D+ D,'= m,"+m,ii,'= — (0 ) _ mym, (8, —ih,) =0, which implies that:
m, +m, m, +m,

_ m . _ _
u,'=——Lu," and if the masses are equal: u,'=—i
m
2

In the CM the two masses have opposite directed velocities. If the masses are equal, so are the
opposite directed velocities. After a collision, we have exactly the same equations if we replace u
by v.

Notice that the equations above applies, whether the collision is central or not.

If the particle (2) is at rest before the collision the formulas take a simpler form:
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- m,u - mu.
uv_ 271 ' 11

L=
m, +m, m +m,

3. The physics of curling

We shall then consider two identical balls (or two curling stones) colliding in a non central
collision, where one of them at rest before the collision. (Without these conditions the mathematics
simply becomes incomprehensible). Our aim is to find the deflection angles for both bodies, and
their velocities after the collision in the Lab-system.

In the lab-system the velocities of two equal masses must be perpendicular after the collision. This
follows from conservation of momentum and energy:

— - = 1 2 1 Z—L 2
mv, +mv, =mu, and Fmv, +3mv,” =imu~ =

. — — 2 2 2
v, +V, =1, and v +v, =y

We can see that the three vectors form a triangle for which Pythagoras theorem holds, and
therefore: v, L v, . This applies for example for curling stones.

In the figure below is sketched the collision in the Lab-system.
Our aim is to find the angle @; ,(p2 = 90 - @) together with v; and v, expressed by u; and the
impact parameter p which is the distance between the two centres, when they collide
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It turns out that it is not really possible to solve the problem in the Lab-system, so we shall look at
the collision in the CM-system, and take advantage of the symmetry of this system.

So in the figure below, we show how the collision looks like in the CM-system

We have supplied with a coordinate system, which has its origin at the point of impact, and where
the x-axis connects the two centres, and the y-axis is tangent to the two circular bodies at that
point. Since the masses are the same, then: u,"'=—u,".

Since the collision for each ball, corresponds to the reflection against a wall the only thing that
happens is that the x-coordinate changes sign. This can also be seen from the equations:
(Momentum conservation for equal masses): v,'=—v," and u,'=—u,'

Further we must have v,'=v,'=u,".

The last equation may be understood from conservation of energy. (for typographical reasons we
drop the hyphen)

1 2 2 2 2 2 2 2 2 2 A2 _
smu” +3mu,” =smv; +5mv,” & ou tu, =+, & 2ul =2y S v =

This equation actually also holds in the CM if the masses are not equal: It follows from
conservation of momentum and energy:

— ~ _6 ~ ~ —6 _ m1 _ m1
mlul +m21/12 = VAN ml\/'l +m2v2 = j— u2 ——Ul VAN V2 __Vl
m, m,
1 2 1 2_ 2 1 2
Ty T, =gyt Y, =
2 m oo 2 m 2
mu,” +m,(—u,)” =my,” +m,(—v,)" =
m, m,

m,(m, +m m,(m, +m
1( 1 2)u12: 1( 1 2)v12 = v, =u,
m, m,

For an elastic collision in the CM-system, the masses are reflected as if they hit a wall.

For the elastic central collision in the Lab system where u, = 0, the velocities after the collision are
given by (2.3). We shall then find the velocities in the CM-system.
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u, =u,'"+v = u'=u —v. =u ——mh Mt
1 %1 CM 1 — %1 cM T % -
m+m, m+m,

—u - T —0— mu, _ my
Uy =Uy TVey Uy =Uy = Vey = =
m1+m2 m1+m2
m, —m mu msu
V=Vt D oWE vy sy =
ml +m2 ml +m2 ml +m2
—y 't — L _ 2m o my _
V) =V, Ve Vo =V, = Vey = U u =
ml +m2 ml +m2 ml +m2

From this we conclude that:

1 ' ' '

1 L \ ' — —
mu' +mu', =0 A mpy' |\ +m,', =0 and v'=-u' A v,'=-u,

3.1 Non central collision in the CM-system

For a central collision in the CM, the two balls are reflected as if they hit a wall, and the same
thing happens for the non central collision in the CM-system. From the figure above, we can see:

1

u'=u,'"(—cosb,sind) and u,'=u,'(cosd,—sind) andsince v,'=v'=u'=u,’
u'=u,'"(—cosb,sin@) and u,'=u,'(cosd,—sinfb) (u,'=—u,")
v,'=u,'(cosb,sin@) and v,'=u,'(—cosb,—sin ) (v,'==v")

The Lab system has its x-axis along the incoming stone.

. . . mu, + myu
In this coordinate system we have: v, = ———=>=%=
m, + m,
and in the Lab-system system: Notice caused by the orientation of the Lab-system the scattering
angle is 260 —-180

w'=u'(1,0) , u'=u'(=10),

V,'=u,'(—cos(260 —180),—sin(26 —180)) ,
v,'=u,'(cos(26 —180),sin(26 —180))
vi'=u,'(cos26,sin260) , v,'=u,'(-cos26,—sin 20)

We then transform the velocities to the Lab-system:

I Nt
Uy =u+vey, = U =U —3

i =i+ i =i, —Lii =0—
Uy =U)"+Vey, = U=, —5u =0
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If we put @ =26, then we have:

v,'=u,'(cosp,sing) og V,'=-u,'(cos@,sin@)
And in the Lab-system:

Vi ="V, = 3u,(cos@,sing) + 1u,(1,0) = Tu,(cosp + 1,sin @)

V, =V, '+, = —3u(cos@,sin@) + u,(1,0) = =3 u,(cos @ —1,sin @)
We may verify that the two velocities are perpendicular to each other, since:

V, ¥, == Lu’((cosp—1)(cosp+1) +sin’ @) =cos’ p— 1 +sin’ p = 0

The angle of deflection for (1) is given by:

12 sing sin 26 2sinfcosd 1 1-sin* @
tangp, =——= = = — =— =
v, cosp+1l cos20+1 1-2sin"6-1 tan 6 sind
) Vi, sin 260 sin 26 2sin & cosl
sing, =

\/le2 +v,” B \/(cos2H+1)2+sin2 20 Jeos? 20 +1+2c0s20+sin>20 ~2+2c0s26

2sin @ cos _ 2sinfcosd

J2+2(2cos20-1)  2vcos? 0)

sing, = =sinf

But these expressions are not so interesting, if they are not linked to the impact parameter:

The impact parameter is: p =2rsinf < sinf= 2£ =X
r
2

tan g, =— 1 =— L=x and sing, =sinfd=x

tan & x

1 1-x° : —

tan ¢, = — =— and  sing, =cosf =+1-x

tan @ X

Finally we shall find the speed of the two stones after the collision:

Below is shown a graph, where the deflection angle ¢, is mapped as a function of 2£ =X.
r

¥, =Lu(cos20+1,5in20) = v, =Lu\/(cos20+1) +sin’20 = Lu,2cos 6 = u\1— x>

¥, = —u,(cos 20— 1,sin26) = v, =21,/ (cos 20 —1)* +sin> 20 =Ly, 2sin 6 = ux
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3.2 Example
91.4cm
2r
If the incoming stone has a speed of 2.0 m/s and an impact parameter, equal to the radius, then it
correspond to x = 0.5, and we find the deflection angle from:

=14.5cm

The stones have a circumference 91.4 c¢cm, so the radius » =

sing, =sinx: ¢, =sin"'0.5=30", and therefore: ¢, = 60°
The speed of the two stones after the collision are:
v =uN1-x =\/3_m/s og v,=ux=10m/s

And if the impact parameter p = 0.9- 27 : x = 0.9 then the results are:
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0, =342", vi=u~N1-x*=0.872m/s and v,=ux=1.8m/s

Curling is about an extreme visually based precision. We shall try to calculate how much the angle
changes if x changes with Ax =0.01 at x =0.5 corresponding to p=14.5cm Ap=0.29 cm

We have: sing, =sinf =x, sothat ¢ =sin"'x and —sin"'x= 1 ,
dx 1-x°
Thus:
1 1 1
dp__x _ = Ap =2 Ax =0,66"
dr J1-x J1-x° T Nl-X

Gliding 1 m, it will correspond to a deviation perpendicular to the motion of 1.15 cm.

We may also find the deviation perpendicular to the motion on a lane of 40 m.
If the stone is sent away with an deviation in angle on 1°, then the deviation at the en of the lane:

1.00%40;71 —0.69m=69cm.

I have therefore always wondered how they do it!

The results have been derived for curling stones, but they are equally applicable for billiard balls.



