
 Olympic Mathematics 6 page 1 

Contents 
Contents .......................................................................................................................................1 

501. Determine x, y from the equation: 1
22

33





yx

yx
....................................................................4 

502. Solve for x:  2log

)log(log(

x

x

x .....................................................................................................4 
503. calculate x from the rectangle below....................................................................................4 
504. Determine a and b from: 4422  baba ........................................................................5 
505. Determine the side c in the triangle shown below. ..............................................................5 
506. Determine the side c in the triangle shown below. ..............................................................5 
507. Determine 7658  yx from 72832  yx and ................................................................5 

508.  Determine 
ba

11
   from: 71033  baandba .......................................................5 

509. Determine m and n from: 123  nm  The solution is m = n = 1 ........................................6 
510. Solve for x: 33 )1(  xx ......................................................................................................6 

511. Determine x  from: 720333  xx  The solution is x = 2......................................................6 
512. Sole for x: xx 81log3log  ....................................................................................................6 

513. Determine x and y from: 183182  yyxxandxyyx ................................6 

514. Determine x and y from: 2822  yx - An easy one ...........................................................6 

515. Solve for x: xxx 32

53  ........................................................................................................6 
516. Determine integer solution to 294222  cba ................................................................6 

517. Determine: 
yx

11
  from 100)

5

1
(2  yx .............................................................................7 

518. Determine x and y from: 6014 22  xyyandxyx .................................................7 

519. Determine a/b from: abba 6 ......................................................................................7 

520. Determine a from: 39232  aa .  The solution  is a =  -7..................................................7 
519. Determine a, b, c such that: 299 222  cbaandcba ........................................7 

521. Determine (if possible) integers a, b, c such that 
cbacba 


1111

.............................7 

522. Determine x from: 10098969442 x .........................................................................8 
523. Calculate the sum of the following infinite expressions:.....................................................8 
524. Determine the square expressed by the areas S and T..........................................................9 
524. Determine the area of the triangle shown below..................................................................9 
525. Determine x from the equation: xxx 364249  ..................................................................9 
526. Solve for x:  xx 42    The solution is evidently x = 4. ......................................................10 
527. Determine x and y from: 4012 22  xyyandxyx ................................................10 
526. Determine the sides a, b, c in the triangle shown below....................................................10 
527. Solve for x and y:    1021lnln exyandyx  ...........................................................10 

528. Solve the differential equation: )()(' 1 xfxf  ................................................................11 
529. Find the length of |BD| from the triangle below. ...............................................................11 



 Olympic Mathematics 6 page 2 

530. Simplify: 
75215

5213515




.........................................................................................11 

531. Solve for x. 0254 23  xxx ......................................................................................11 
1.  Factorizing a quadratic polynomial...........................................................................................11 
2.  A theorem about the sum and product of the roots in a third degree polynomial.....................13 
2.1 Example ...................................................................................................................................13 

552. Determine a, b, c such that: 279 222  cbaandcba .....................................13 

553. Solve for x: 3
3


xxx The solution is 3 3  since: 3)3( 33  ..................................................14 

553a. Solve for x: 
266

6









x
x

 The solution is: 26x , since 
2

2

6

62

6
6

6









..............................14 

554.  Solve for x: 4)32()32(  xx ..............................................................................14 

255. Solve for x: 4332 1

12

1

23

 





x

x

x

x

............................................................................................14 
556. Determine the sides cba ,,  in a right angle triangle with the perimeter 24 cba  and 

the area 242
1  abT ................................................................................................................14 

558. Determine a and b, such that: 13055  ba . The solution is: 13  banda .............15 

559. Solve for x: 2
12coscos  xx   We have: 1cos22cos 2  xx  So we have:......................15 

560. Solve  for x: 2
4

11



 x

xx
...........................................................................................15 

561. Solve for x:  144
6

xx . The solution is: 6 12x , since:..................................................15 
562. solve for x:  78 87   xx ......................................................................................................15 
562. Find the total area of the 4 triangles in the figure shown below........................................15 
563. Determine a from: 39223  aa  The solution is a = 7 since: 39249343  .................16 

564. Solve the integrals:  
dx

x

x
dx

x

x
dx

x

x
dx

x 4

2

4 1
;

1
;

sin
;

sin

1
..........................16 

565.  Determine a, b, c from: 1000222  cba  The solution is 8,6,30  cba ..........16 

566. Simplify 61230  ........................................................................................................16 

567. Solve for x: xxx 121339  ...............................................................................................16 
567a. Solve for x: xxx 121143169  ........................................................................................16 

569. Solve for x:   2
2

xx   The solution is: 2x , since 22)2(
22

2

 ........................17 

570.  Calculate the value of the infinite expression: ...842 ..............................................17 

571. Solve for x and y.................................................................................................................18 
572. Determine a,b,c,d from: ;40;30;20:60  accbbadcba ...........18 

573. Solve for x: 100
5

xx . The solution is: 5 10x , since; ...................................................18 

574. Simplify:  
12

222
33

112233




...................................................................................................18 

576. Solve for x: .6828  xx The solution is x = 2, since: 6846428 22  .....................18 

576. Solve for x: 144
6

xx The solution is 6 12x  since: 144)12()12( 126126
66

 .............18 



 Olympic Mathematics 6 page 3 

577. Given: 150  xyzandzyx  Determine   333 zyx ......................................18 

578. Determine x and y from: 41610 422433  yyxxandxyyx ..............................19 

579. Solve for x and y:  xy yx  ................................................................................................19 
580. Solve for x and y:  54 yxyx ....................................................................................19 

1041115111555)1)(1(54  yandxyandxyxyxyx

581. Solve for x:  xxx 171)28( 23  ......................................................................................19 

581. Solve for x:  xxx 333 23  .................................................................................................20 

581. Solve for x:  812
2

xx     ????? It has only the solution x = 0..........................................20 

582. Solve for 
y

x
:   0644

2

2

2

2


x

y

y

x

x

y

y

x
.......................................................................20 

583. Determine m, such that: 15023  mm . The solution is 5m , since:.............................20 
583. Determine a  and b, such that: 28364  ba . The solution is 13  banda ,..............20 

584. Solve for x: 2ln xx ........................................................................................................20 

585. Determine; 
x

x
7

  from 7 xx ................................................................................20 

586. Solve for x: 333 816  xxx  The solution is: 8x ...............................................20 

585. Solve for x: 08126 23  xxx .....................................................................................20 
586. Determine x and y such that: 323949  baba and ...............................................21 

587. Solve for x: 0732812 23  xxx .................................................................................21 

588. Determine a,b: such that : abba 6 ...........................................................................22 

589. evaluate the integrals:    dxxxanddxxx 11 252 .............................................22 

 



 Olympic Mathematics 6 page 4 

501. Determine x, y from the equation: 1
22

33





yx

yx
 

Well  32 xx   except for 10  xorx , so it evident that x = 1   and   y = 0 is a solution. 

But we may give a more formal proof: 

011)1))(((

0)1))((()()(0)(3)(

1
)(

3)(

))((

)(3)(

22

23

22

33

















yandxyyxandxyxxyyxyx

xyyxyxyxxyyxyxxyyx

yx

xyyx

yxyx

yxxyyx

yx

yx

 

502. Solve for x:  2log

)log(log(

x

x

x  
We put xy log then we have:  

   
1002log2210

2102102
log

loglog
log

log





xxy

x
y

y

y
yy

y
xy

y

 

503. calculate x from the rectangle below. 
   The rectangle below is divided into 4 smaller rectangle, 
   their sides are shown in the figure. Besides x we have  4
   unknowns a, b, c, d. Since we have 1 equation for each of  

the smaller rectangles, we have 4 equations, so it should in 
principle be possible to solve 

34)(:56:  xdacIIandcdI .  
2))((;4)(:  xcbdaIVandxcbdIII  

From I + II:  3456:  xacV  
From III+IV:  

dxdax
x

x

d

da
VI )2())(4(

4

2)(
: 







 

From II+V:   

20

8/1020
8

160

8

8575

857225160075;0100754

1125612163456)2()34)(4(

34

)2(

)(

)4)((

222

2





















x

xorxx

dxx

xxxxxxx

x

dx

dac

xda
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504. Determine a and b from: 4422  baba  

5325412712257175)412)(12(

1176)12(4)12()12(288)12(2)12(

88)12(2244)12(442 222






bandabaandabaa

abaaaabaaa

abaabababa

 

505. Determine the side c in the triangle shown below. 
   The angle B is 180-(45+30) = 105. 
   We apply the sine relations on the triangle ABC. 

   
B

Cb
c

c

C

b

B

sin

sinsinsin
  

   sin(180-(45+30))= sin(45+30) = 30sin45cos30cos45sin    
   = )13(4

2
2
1

2
2

2
3

2
2   

   
)13(2

16

)13(

8

4
2

2
1







c  

506. Determine the side c in the triangle shown below. 
We apply the cosine relations on the triangles: 
DBC and ABC 

    
ab

cba
CCabbac

2
coscos2

222
222 

   

   
9

5

632

563

2
cos

222222









ab

cba
C    

    

   

10

1008018014436144

cos1262612

9
52

222







c

c

Cc

 

507. Determine 7658  yx from 72832  yx and  

646323222322728 3223233   xyxyxxyy  

216827838)2(888 3317645765   xxxxyx  

508.  Determine 
ba

11
   from: 71033  baandba  

7

111
333211073710)(3)(10 3333  abababbaabbaba  

111

4911





ab

ba

ba
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509. Determine m and n from: 123  nm  The solution is m = n = 1 

510. Solve for x: 33 )1(  xx   

1)1( 33  xxxx  which has no solution, but: 22 )1(  xx  has the solution 2
1x  

511. Determine x  from: 720333  xx The solution is x = 2 

512. Sole for x: xx 81log3log   

2
2

1
22

1

2
1

2
124

81

3

1
333

143)81(381

log33log
2








xxandxx

yoryyx

yxandxy
yyyy

y
x

 

513. Determine x and y from: 183182  yyxxandxyyx  

We put: byandax   

9

196

9

169

9

169

9

196
3

14

3

13
9

3

13

3

14
9

3

13

3

14

18

381

91823681;01828199
9

182

9

182

9

182

99729)(1831823)(

183)(3)(182)(183182

2

22

333

33322














yandxoryandxax

bandbandaoraa

daa
a

a
a

bab

bababa

baabbaandbaabbaandabba

 

 

514. Determine x and y from: 2822  yx - An easy one 

29))((2822  yxyxyx  
Since 29  is a prime, we must have: 29)(1)(  yxandyx  which is easily solved to give: 

1415302  xandyy  

515. Solve for x: xxx 32

53   

????
5ln

3ln5ln3
0

0)3ln5ln35ln()3ln5ln3(5ln5ln)3(3ln53 2232




 

xorx

xxxxxxxxxx

516. Determine integer solution to 294222  cba   
The  solution is 7,14  cba , since: 29449491967714 222   
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517. Determine: 
yx

11
  from 100)

5

1
(2  yx  

1
11

1010)100(1010052

1005100
5

1
100)

5

1
(10021002

)
11

(2
22

11

2

11

111









yx

and

yxyxyx

yyyxx

 

518. Determine x and y from: 6014 22  xyyandxyx  

Actually  we need only one  of the two equations to determine x and y- 
572772)(142  yandxyxandxyxxxyx  

We can see that the second equation is fulfilled with this choice: 
60125)(602  xyyxyy  

519. Determine a /b from: abba 6  

2

2

)83()83()83(
2

326

32436066








b

a

b

a
b

bb
a

bbbdbabaabba
 

520. Determine a from: 39232  aa .  The solution  is a =  -7 

39234349)7()7( 32   

519. Determine a, b, c such that: 299 222  cbaandcba  

The solution is 4,3,2  cba since:  

2916949432 222  cbaandcba  

521. Determine (if possible) integers a, b, c such that 
cbacba 


1111

 

This is a strange exercise, since for positive integers: 
cbaa 


11

.  Also:  

 

1
111

)( 
cba

cba  The possibilities for which: 1
111


cba
are 

1
6

1

3

1

2

1
1

4

1

4

1

2

1
1

3

1

3

1

3

1
 and  

So it is evident that: 
cbacba 


1111

 is impossible, however, if we allow negative integers, 

there are three solutions, evidently: cborcaorba  , . 

We aim to prove that but first we shall look at only two variables.
baba 


111
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1
11


ba
has the only solution 2 ba , this can be seen if we rewrite it as: 

1

111
1

1







a

a
b

a

a

bab
 If a -1 is a divisor in a then the only possibility is a = 2. 

 

Again: 
baa 


11

 so it is not possible for positive integers. We have: 

 

abba
baab

ba

baba









 2)(

1111
Which is impossible.  

 

We shall now make a similar proof for 
cbacba 


1111

 

0000
)(

))()((

0
)(

)()()((
0

)(

))((

0
)(

)()((
0

)(

))(()(

0
)(

))((

)(

)(
0

)(

0
)()()(

)(1111































































caorcborba
abccba

cacbba

abccba

cbccbaba

abccba

ccbcacabba

abccba

ccbaabba

abccba

ccbabaabba

abccba

ccbaba

abccba

abba

ab

ba

ccba

ba

ab

ba

ccba

ba

ccba

ba

ab

ba

ccba

cbac

ccbaba

 

522. Determine x from: 10098969442 x  

49896

89896249629829896496298298962

)298)(296()298)(296(2

)298)(296(2)298)(296(2

)298)(298)(296)(296()2)(2(10098969442









x

x

x

xandx

xxx

 

523. Calculate the sum of the following infinite expressions: 

...111 s ,    ...12121 s ,  ...111  nns   ...13121 s  

...321 s  

;
2

51
551;0111...111 22 

 sdssssss  

Known as the golden ratio. 
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2

4
011...111

21
2

82
01221...12121

2
2

2









nn
snssnssnns

ssssss
     

...13121 s  is much harder, but we may establish a recursion relation: 

We denote: 11
2

2

11   n

s
ssns n

nnn  

 
 

524. Determine the square expressed by the areas S and T. 
    
We shall determine the area of the square with side x, 
expressed by the areas S and T. With the notation of the 
figure we have the isosceles triangles EBFandAED  . 
We can then establish:  

STxSTx
S

x

x

T

TxbxandSxaxand
xa

x

x

xb

24
2

2

2)(2)(

24
2

2








 

524. Determine the area of the triangle shown below.   
  From the triangle follows: B = 750. From the formulas for the right angle 
t  Triangle follows: 

  

15tan1

16
15tan15tan

16)15tan1(16)15tan(

15tantan

22
12

2
1

2
1

2222222








babT

bbbcba

ba
b

a
A

 

 
 
 
 

525. Determine x from the equation: xxx 364249     

0)6(76)7(364249 22  xxxxxxx  

We divide the equation by xx 76    to get: 0
7
6

1
6
7 















xx

 

We put: 
x

y 







6

7
and then we have: 
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2

51
5010

1
1 2 

 ydyy
y

y  

6ln7ln

2

51
ln










 

x  

526. Solve for x:  xx 42    The solution is evidently x = 4. 
 

527. Determine x and y from: 4012 22  xyyandxyx  

Actually  we need only one  of the two equations to determine x and y. 
14344362)(122  yandxyxandxyxxxyx  

But the second equation is not fulfilled with this choice. So we try 
 

462662)(122  yandxyxandxyxxxyx  
 
We can see that the second equation is fulfilled with this choice, since: 
 

60125)(4024162  xyyxyy  

526. Determine the sides a, b, c in the triangle shown below.  
Furthermore the perimeter is 60 cba ,  
The area 2T can be calculated in two ways as: cab 12  

ccabba

cbacba

12036002

)60()(60
222

22




 

Since 222 cba   and cab 12 , we find: 

25
144

3600
3600144120360024 22  cccccc

 

527. Solve for x and y:    1021lnln exyandyx     

10lnln21lnln21lnln 10  yxandyxexyandyx  
 
We put bbandxa lnln    and find; 
 

37

37

2

7ln3ln

3ln7ln37
2

410

168410002110010
21

1021

exandeyyandx

oreyandexyandxaoraa

daa
a

abaandab
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528. Solve the differential equation: )()(' 1 xfxf   

When a function has an inverse function, we have: 

)('

1
)()'()()( 11

xf
yfandyfxxfy      or 

))(('

1

)('

1
))'((

1
1

yffxf
yf 

   

 
We replace y with x. 
 

))'((

1

)('

1
))'((

1
1

xfyf
xf 

   

If )()(' 1 xfxf   We then get: 

dcxxxfcxxf

xfxfxfxf

xf
xf

xff
xf

xff
xf





 

)()()('

1)(''1)(''1)('')(''

)(''

1
)(''

))('('

1
)(''

))(('

1
))'('(

2
2
1

2

1

 

529. Find the length of |BD| from the triangle below. 
   We may either write two expression for cosA or cosC, we 
   choose cosA. 
   The cosine-relation for a triangle ABC is 

   

ab

cba
C

orCabbac

2
cos

cos2
222

222





 

   From the triangles ABD and ABC: we find: 
   
If we solve for 2|| BD  we find: 15||225|| 2  BDBD  

530. Simplify: 
75215

5213515




 

 

ba

ab





















)75()73(

)53)(75(

)75()73(

)57(5)75(3

75253

55737553

75215

5213515

 

531. Solve for x. 0254 23  xxx  
Although it is very easy two guess a root, we shall introduce the theory by guessing roots. 

1.  Factorizing a quadratic polynomial. 
A number r is said to be a root in a polynomial p(x) if p(r) = 0. 
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Determining the roots of a polynomial is the same as finding the intersection of p(x) with the x-axis. 
We shall then show some theorems about the roots in a quadratic polynomial, which as we know, 
may have two roots if d > 0, only one root if d = 0 or no roots if d < 0.  
 
First we look at the case where d >0, where the polynomial has two roots r1 and r2.  
 
r1 and r2  are roots in:  cbxaxxp 2)(  02 cbxax  

  21
2 0 rxrx

a

c
x

a

b
x  

 0))((00 2121  rxrxrxrx   
 
By multiplying the parentheses and collecting the terms, we have: 
 
  0)( 2121

2  rrxrrx       
 

If we compare it to: 02 
a

c
x

a

b
x , we see that we must have: 

 

  
a

c
rrog

a

b
rr  2121       

 
This can be formulated as: 
  
In the ordered (by decreasing powers of x) and reduced (the coefficient to x2 is 1) quadratic 
equation, the sum of the roots is equal to the coefficient to x with opposite sign, and the product of 
the roots is equal to the last term in the equation. 
 
This theorem is often used to guess the roots in a quadratic equation 
 
Example 

1) Guess the roots in the quadratic equation: x2 + 2x -15. We should think of two numbers having the sum  -2 and 
the product -15.  The only  possibility is  3 and -5 (Since the equation can have at most 2 roots) 

 
2) If the roots are not integral numbers it is only a little more difficult. 

       01
2

32  xx . We can see that: 122 2
1

2
3

2
1  and , so the roots are -2 and 2

1 . 

 
We have established above that: 

 
a

c
x

a

b
x 2   ))(( 21 rxrx   

 
Multiplying the equation by a, we find: 
 

  ))(( 21
2 rxrxacbxax    

 
This is called the factorization of the quadratic polynomial, and it is a special case of a more 
comprehensive theorem about factorization of higher degree polynomials .  
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2.  A theorem about the sum and product of the roots in a third degree 
polynomial. 

A third degree polynomial can be written as: 01
2

2
3

3)( axaxaxaxp   

The polynomial is said to be normalized if 13 a  in which case we have: 

01
2

2
3)( axaxaxxp    

Clearly, if  is a root in the normalized polynomial, so it is in the polynomial itself. 
Let us assume that the polynomial has three roots: 321 ,,  then: 

321323121
2

321
3

32121
2

321

321

32101
2

2
3

)()())()((

0))()((

000

0















xxxxxx

xxx

xxx

xxxaxaxax

 

 
Which leads to the theorem:  
In a normalized and ordered 3. degree equation, having 3  roots, the sum of the roots is equal to the 
coefficient to 2x  with opposite sign. And the product of the roots is the constant term with opposite 
sign. 

2.1 Example 

A normalized polynomial having the roots 3,2,1 321   can be written as: 

652)( 23  xxxxp  

It can be verified directly that 3,2,1 321    are roots, and that 

62 321321   and . 

 
A similar theorem can be obtained from polynomial of higher degree, but they are not interesting, 
since it does not help much to guessing the roots. 
 
However, as it is shown in the section of polynomials that integral roots are divisors in the constant 
term of the polynomial.  
 

0254 23  xxx  if the roots are denoted: 321 ,, rrr  we have according to the above theorem: 

24 321321  rrrandrrr    which has the only solution 1,1,2 321  rrr . 

552. Determine a, b, c such that: 279 222  cbaandcba    

The solution is 3 cba . 
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553. Solve for x: 3
3


xxx The solution is 3 3  since: 3)3( 33   

553a. Solve for x: 
266

6









x
x

 The solution is: 26x , since 
2

2

6

62

6
6

6









 

554.  Solve for x: 4)32()32(  xx  

x)32(  11)32()32(
22  xxx  

We put xx banda )32()32(   and then we have: 

1332)32(

1332)32(3232
2

324

12416;0144
1

14 2










x

orxaoraa

daa
a

aabandba

x

x  

255. Solve for x: 4332 1

12

1

23

 





x

x

x

x

 

4332 1

12

1

23

 





x

x

x

x

 We put 
1

23

1

23








x

x
band

x

x
a , and then we have: 4332  ba  

The last equation evidently has the solution 34  banda  

22331244233
1

12
4

1

23









xandxxxandxx
x

x
and

x

x
 

556. Determine the sides cba ,,  in a right angle triangle with the perimeter 
24 cba  and the area 242

1  abT . 

We have: 

1086

2468
2

214
.4192196;04814

2410
48

24.10480484857696

485762)42()(24

2

22

22222












cborb

cabaoraadaa

a
acbaccccc

ccabbacbacba

257. 

Solve for x: 
266

6









x
x

The solution is: 
26x , since: 

2

2

6

62

6
6

6
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558. Determine a and b, such that: 13055  ba . The solution is: 13  banda  

559. Solve for x: 2
12coscos  xx   We have: 1cos22cos 2  xx  So we have: 

pxorpx

xyorxyy

dyy

xyputwexxxx

28850.126283.0
4

51
cos

4

51
cos

4

51
5

4102

cos0coscos21cos2cos

2
12

2
12

2
12
















 

560. Solve  for x: 2
4

11



 x

xx
 

622

2

624
;24816;0242402

)4)(2()2(2)4)(2(42
4

11

22













xx

xdxxxxx

xxxxxxxxxx
xx

 

561. Solve for x:  144
6

xx . The solution is: 6 12x , since: 

14412))12(()12()12( 2266126123
66

  

562. solve for x:  78 87   xx  

8ln7ln

7ln
7

8ln7ln

7ln
7

7

1

8

7

7

1

7

8

8

7
87

77
78
































x

x
xx

xx

 

562. Find the total area of the 4 triangles in the figure shown below 
 
    Our aim is to find the total area of all the
    shaded triangles. We do by expressing that 

the area of the rectangle is the area of triangle 
plus the area=35 of the inscribed square. 

70)5)(3()2(327)7(52  ababab
70153563143552  abababab

3221648864

7015614352




ab

abab
 

Which have the solutions:  
23241688  bandaorbandaorbanda  

     
The collected sum of the rectangles is 64 - 35= 29 
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563. Determine a from: 39223  aa  The solution is a = 7 since: 39249343   

263. Determine a-1 + b-1  from: 71033  baandba  

111

4911
7

111
33321102134310)(3)(

11

333










ab

ba

ba
ba

abababbaabbaba
  

564. Solve the integrals:  
dx

x

x
dx

x

x
dx

x

x
dx

x 4

2

4 1
;

1
;

sin
;

sin

1
 

|tan|ln
tancos2

1

cos

cossin2
cos

1

cossin2

1

sin

1
2

22
2

2
2

22

2
2

22

x

xx

x

xx

x

xx
dxdxdxdx

x
   

(
2

1

1

1
)'(tan

x
x


     so   21

2
1

4
tan

1
xdx

x

x 
  

565.  Determine a, b, c from: 1000222  cba  The solution is 8,6,30  cba  

 
Since: 100064369008630 222222  cba  

566. Simplify 61230   

We try to write 61230  as 6223)23( 222 abbaba   
Since 122 ab and one possible solution is 32  banda  then we have:  

6123061218126223 22  abba  

So  )233261230   

567. Solve for x: xxx 121339   
2)11(113)3(121339 xxxxxxxx   

We divide the equation by xx 113   
xx )

3

11
(1)

11

3
(    We  put: xy )

11

3
(  and find: 

2

51
541;010

1
1 2 

 ydyy
y

y  

11ln3ln

)
2

51
ln(

2

51
)

11

3
(








 xx  

567a. Solve for x: xxx 121143169   

   22
11131113121143169 xxxxxxx   
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We divide the equation by xx 1113  , and the en we have: xx )
13

11
(1)

11

13
(     

We  put: xy )
11

13
(  and find: 

2

51
541;010

1
1 2 

 ydyy
y

y  

11ln13ln

)
2

51
ln(

2

51
)

11

13
(








 xx  

569. Solve for x:   2
2

xx   The solution is: 2x , since 22)2(
22

2

  

570.  Calculate the value of the infinite expression: ...842  

The expression may be written: ...222 32 To find the sum, we multiply the square root with 2
1 . 

...2)()(2)(2)(22

...)(2)(2)(22

...2)()(2)(22

...2))((22...)(22...22)(2...222

55
2
13

2
142

2
13

2
12

8
2
142

2
13

2
12

44
2
12

2
13

2
12

33
2
1

2
124

2
12322

2
132

2
1









 

...)(2)(2)(2)()(2)(2)(22

...)()(2)(2)()(2)(2)(22

...)(2)(2)()(2)(2)(22

...2)()(2)(2)(2)(22

...)(2)(2)(2)(22

...2)()(2)(2)(22

14
2
175

2
164

2
155

2
13

2
142

2
13

2
12

7
2
15

2
164

2
155

2
13

2
142

2
13

2
12

12
2
164

2
155

2
13

2
142

2
13

2
12

66
2
14

2
153

2
142

2
13

2
12

10
2
153

2
142

2
13

2
12

55
2
13

2
142

2
13

2
12













 

What we see is that all the numbers in the radicals are equal to 2. 
We therefore have an infinite radical expression: 
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....222s  and we therefore have: 
 

 ss 2  222  ssoss  But we multiplied with one half so 4s  

571. Solve for x and y.  

1722 2  xyyxx  
We rewrite the expression as:   17))(12(  yxx  
Since 17 is a prime then for integer solutions we must have: 

17)(1)12(1)(17)12(  yxandxoryxandx  

1617)(11)12(

81)(917)12(




yyxandxx

oryyxandxx
 

572. Determine a,b,c,d from: ;40;30;20:60  accbbadcba  

102030  acbaandcb  

1560:5;15

255024010




ddcbaba

ccacandac
 

573. Solve for x: 100
5

xx . The solution is: 5 10x , since;  

100)10())10(()10()10( 2255105105
55

  

574. Simplify:  
12

222
33

112233




 

According to the formula for a quotient series:  
1

1
0 




q

q
as

n

 we have: 

12

2

12

1)2(

12

2

12

222
11

11

11

311

33

11

33

112233













 

576. Solve for x: .6828  xx The solution is x = 2, since: 6846428 22   

576. Solve for x: 144
6

xx The solution is 6 12x  since: 144)12()12( 126126
66

  

577. Given: 150  xyzandzyx  Determine   333 zyx  

We do it in two steps: First we notice that: zyx   

Then we calculate )(3)( 333 yxxyyxyx   

)(3)( 33333 yxxyzyxzyx   

)3))((()(3

)(3)()(3
2333

3333

xyzzyxzyxyxxyzyx

zyxxyzzyxyxxyzyx




 

Since 0 zyx  we have:   

)(3333 yxxyzyx   and since zyx   
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453)(3333  xyzyxxyzyx  

578. Determine x + y from: 41610 422433  yyxxandxyyx  

10)(10 2233  yxxyxyyx   

4516251625
2

941

81160041;0100414:

414100414)
10

(

414)(416

2222

2222

2244222

222224224












xyxyyxyxttt

dttgetandyxtputWe

yxyxyx
xy

yxyxyyxx

 

2
5222222 210)(  yxoryxyxxy  

103210)(12)(

2)(22)(
22

2
5222222





yxyxyxyx

xyyxyxxyyxyx
 

0532032
5

532 2  xx
x

xxyandyx  

02012 d  No solution???? 

?????01610

0410010
4

410 2

solutionNod

xx
x

xxyandyx




 

 

1032  yxoryx  

579. Solve for x and y:  xy yx   

One solution is of course: x = y, but… 
We shall apply the theorem if: bathenba ba  . 

yx
yxyx

xy

yx
yxyx

y

y

x

x

yxxyyx
11

1111 11
lnln

lnln

lnln






















 

 
So according to the theorem above, we have x = y. 

580. Solve for x and y:  54 yxyx  

1041115111555)1)(1(54  yandxyandxyxyxyx

581. Solve for x:  xxx 171)28( 23   

319919
2

1028
;100171428

017128171)28(171)28(

2222

2´4´22´23








xxxxxd

xxxxxxxx
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581. Solve for x:  xxx 333 23   
xxxxxx yputWe 30133333 223   

3ln
2

51
ln

2

51
3

2

51
5;012









 xydyy x  

581. Solve for x:  812
2

xx     ????? It has only the solution x = 0 

582. Solve for 
y

x
:   0644

2

2

2

2


x

y

y

x

x

y

y

x
 

We put: 
y

x
a   and we get: 

06)
1

(42)
1

(06
1

44
1 2

2
2 

a
a

a
a

a
a

a
a  

We put: )
1

(
a

az  , and we get: 

yxaaa

a
azzzz





1012

2)
1

(20)2(044

2

22

 

 

583. Determine m, such that: 15023  mm . The solution is 5m , since:  

15055 23   

583. Determine a  and b, such that: 28364  ba . The solution is 13  banda ,  

since: 283643   

584. Solve for x: 2ln xx   
2ln2ln 2lnln2ln)(ln2lnlnln2  exxxxxx x  

585. Determine; 
x

x
7

  from 7 xx  

8
7

71
7

71
7

7
17





x
x

x
xxxininsert

x
x

x
xxx

 

586. Solve for x: 333 816  xxx  The solution is: 8x  

585. Solve for x: 08126 23  xxx  
If it has 3 roots  ,,  we should have: 86   and . 
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A solution is might be: 2  . We make polynomial division with x + 2 

84

84

84

124

2

44|8126|2

2

2

23

223












x

x

xx

xx

xx

xxxxxx

  

20)2(044 22  xxxx   Double root. 

586. Determine x and y such that: 323949  baba and  

3239)2()3(323949 22  babababa andand  

We put:   ba yandx 23   and we have thus the equations: 

|
3ln
2

539
ln

|
2

539
3

2

539

2

539
.95453681

0999
3

39

2

24
2

222






















a

xxd

xx
x

xxyandyx

a

 

587. Solve for x: 0732812 23  xxx  
Since the polynomial is not normalized (coefficient to x3 is ), we may not apply the theorem of sum 
and product of the roots. So we will have to guess one root. It seems that 2

1x is a root, so we make 

polynomial division with 2
1x . 

714

714

1122

322

612

142212|0732812|

2

2

23

223
2
1












x

x

xx

xx

xx

xxxxxx

 

2
1

3
7

222

12

1711

17289168121071160142212








xorxx

dxxxx
 

If we write the original polynomial as: 012
7

4
12

3
73  xxx  

We can see that: 12
7

3
7

2
1

2
1

3
7

3
7

2
1

2
1 )(  and    as it should be. 
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588. Determine a,b: such that : abba 6  
It is not specified that the equation has integer solution, as one should think. 
 
We put: 22 ybandxa  , and find; 

xyyxxyyx 4)(6 222   
 
Trying to find integer solutions to this equation fails. We therefore put kxy  : 

32436;01666 2222222  dkkkxxkxxyyx  
If the equation has integer solutions k should be a rational number, but it is not. 
 

223
2

246



k  With this value for k, the equation will be fulfilled for any x. 

589. evaluate the integrals:    dxxxanddxxx 11 252  

The first one is easy: cxdxxx  2
3

)1(1 2
3
12  

The second one requires integration by parts:  

  dxxfxgxgxfdxxgxf )(')()()()(')(  or in shorthand:   gdffgfdg  

2

9

2

7

2

7

2

7

2

7

2

7

2

5

2

5

2

5

2

5

2

3

2

3

2

3

2

3

2

3

)1()1()1(

)1()1(

)1()1(

)1()1()1()1()1(

)1()1()1(1

2
9752

12
75

222
75

1

22
75

122
75

1

22
7
2

253
322

53
3

32
53

423
53

423
53

423
3
442

3
1

42
3
124

3
124

3
125





























xdxxxdxx

dxxxx

dxxdxdxxx

dxxxxxdxdxxxxdx

xdxxxxdxdxxx

 

The integral is then; 

2

9

2

7

2

5

2

3

)1()1()1()1(1 2
9752

122
75

123
53

424
3
125   xxxxxxxdxxx  

390. Determine the height and the length of the parallel sides in the trapez 
   From the two right angle triangles we have: 

   

2

9

2

25

178

344))((

178344)1519)(1519(1519

1915
2222

222222










aandb

abandab

abab

ab

bhandah

 

Then it is easy to find the height:  

 



 Olympic Mathematics 6 page 23 

orhah 819
4

819

4

81
22515 2

1222   

819
4

819

4

625
36119 2

1222  hbh  


