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303
X =y
5 =1

X -y

501. Determine x, y from the equation:

Well x* #x’ exceptfor x=0 or x==%I,soitevidentthatx =1 and y =0 is a solution.

But we may give a more formal proof:

oy (-y)+3-y)  (-p) 43y

xt =y (x=y)(x+y) (x+y)

=y +3y-(x+»)=0 < (x+)) -w-(x+y) & @+(E+y)-D-x=0
x+»)((x+y)-D)=xy & x+y=x and x+y-l=y <& x=1 and y=0

log(log(x)
502. Solve for x: x ¢* =2

We put y =logx then we have:

R s 10=)Y =2 o (0)) =26

107 =2 < y=2 logx=2 x=100

503. calculate x from the rectangle below.
The rectangle below is divided into 4 smaller rectangle,
Y their sides are shown in the figure. Besides x we have 4
g o 4 unknowns a, b, ¢, d. Since we have 1 equation for each of
bt o x-4% |b-c | the smaller rectangles, we have 4 equations, so it should in
e principle be possible to solve
b I:cd=56 and Il: c(a—d)=4x-3.
Tx=D 66 NS | d(b-c)=x—4 and 1V (a—d)(b—c)=x+2
¢ : ;
FromI+1I: V: ac-56=4x-3
a-d d From II+IV:

pr: W=D X2 da—d)=(x+2)d
d x—4

From II+V:
(a—-d)(x—-4) (x+2)d
cla—d) 4x-3
(x—4)Ax-3)=(x+2)56 < 4x°-3x-16x+12=56x+112 <
4x* —75x-100=0; d =75 +1600=7225=85"
75+85 160
8 8

=

20 or x=-10/8

x=20
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504. Determine a and b from: o’ +2ab + b = 44

a’*+2ab+b=44 < a*+bRa+)=44 < 2a°+2bQ2a+1)=88 &
aa+1)—a+2b(2a+1)=88 < 2aa+1)-R2a+1)+4ba+1)=176-1 <
(a+1)(2a—-1+4b)=175=7-25 <« 2a+1=7 and 2a-1+4b=25 < a=3 and b=5

505. Determine the side c in the triangle shown below.

The angle B is 180-(45+30) = 105.
We apply the sine relations on the triangle ABC.
sinB _sinC oo bsinC

N b c sin B
2 / sin(180-(45+30))= sin(45+30) =sin 45 cos 30 + cos 45sin 30
A SO =R L= (W3

§L 16
TEWB) 2B

506. Determine the side c in the triangle shown below.

We apply the cosine relations on the triangles:
DBC and A4BC

a’+b* —c?
2ab

c*=a*+b*-2abcosC < cosC=

a+b>—c* 3¥+6°-5 5
cosC = = =—
2ab 2-3-6 9

¢t =12>+6*-2-6-12cosC
¢’ =144+36-144-3=180-80=100
c=10

507. Determine 8 %*" from 2°=3 and 8 =72

8 =72 & 2=2.3=2".2"=2"" = 3y=2x+3 < 6y=4x+6
85x—6y+7 :85x74x76+7:8x+1:(2):)3'8:33.8:27.8:216

508. Determine l+% from: &’ +b°=10 and a+b=7
a

@ +b’=10 < (a+b) -3ab(a+b)=10 < 7' -3ab-7=10 < 2lab=333 ab:%

1,1 _a+b_49
a b ab 111
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509. Determine m and n from: 3" -2" =1 The solutionis m=n =1

510. Solve for x: x’ =(x-1)

x*=(x-1) < x=x-1 which has no solution, but: x* =(x—1)* has the solution x=1

511. Determine x from: 3** —3* =720 The solution is x =2

512. Sole for x: log, 3 =log, x
log 3=y < 3=x"and loggx=y <
x=8I' = 3=(8l")’"=3"" = 4y’=1 y=
1 1
1

3=x2 = x=3* and 3=x? = x:3—2

1 —_1
> or y=—3

513. Determine x and y from: x,/y + y\/x =182 and x\/x + y\[y =183

Weput:\/;:a and \/;:b

a’b+b’a=182 and a’+b’=183 < ab(a+b)=182 and (a+b) —3ab(a+b)=183 =
(a+b)’-3-182=183 < (a+bh)’=729=9" = a+b=9

ab=132 o 5182 182 g 90t glat182=0 ; d=81°-36-182=9
9 9a 9a
+
a:81_3: a=E or a=E and b:9—E=2 and b:9—£:E
18 3 3 3 3 3 3
x=a’ _1% and yzﬁ or xzﬁ and y:ﬁ
9 9 9 9

514. Determine x and y from: x’ -)* =28- An easy one

¥ -1y'=28 & (x—y)(x+y)=29
Since 29 1is a prime, we must have: (x—y)=1 and (x+ y)=29 which is easily solved to give:
2y=30 < y=15 and x=14

515. Solve for x: 3* =5

3 =5""" o xIn3=(*+3¥)In5 < FXIn5+xGIn5-1n3) < x(xIn5+3In5-In3)=0 <

x=0 or x=>M37IN3 oo
In5
516. Determine integer solution to a” +b* + ¢ = 294

The solutionis a=14,b=c=7,since: 14> +7* + 7> =196+ 49 + 49 = 294
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517. Determine: l+l from 2° =(%)y =100
Xy

1 1 1

2°=100 < 2=100° and (é)yzloo o %leOy & 5=100"

11 11 11
—— —— 2

2.52100° 7 o 10°=(100° ) o 10°=10 " o 11
Xy
518. Determine x and y from: x> —xy =14 and y*>+xy =60

Actually we need only one of the two equations to determine x and y-

¥ -xy=14 < x(x-y)=2-7 < x=7 and x—-y=2 & x=7 and y=5
We can see that the second equation is fulfilled with this choice:

Y +xy=60 & p(y+x)=5-12=60

519. Determine a /b from: a+b=6ab
a+b=6Jab < ~Ja —6Jba+b=0 d=36b—4b=32b

\/Z=M=\/Z(3i\/§) @ﬁz(w\@) = 2_(3+8)
2 N b

520. Determine a from: «> -4’ =392. The solution isa= -7

(=7)> = (=7)° =49 +343 =392

519. Determine a, b, ¢ such that: a+b+c¢=9 and a*+b*+c* =29
The solution is a =2, b =3, ¢ = 4since:
a+b+c=2+3+4=9 and *+b*+c*=4+9+16=29

521. Determine (if possible) integers a, b, ¢ such that l+1+1: !

a b ¢ a+b+c

. Also:

This is a strange exercise, since for positive integers: — >
a a+b+c

(a+b+ c)l + 1 + 1 =1 The possibilities for which: 1 +l +l =1 are
a b c a b c

l+l+l=1 and

1 I 1
3 3 3 2

1 1 1
+—+—=1 —+—+—=1
4 4 2 3 6
So it is evident that: 1 +—+ 1 = b is impossible, however, if we allow negative integers,
a b ¢ a+b+c

there are three solutions, evidently: a =-b, or a=-c or b=-c.

We aim to prove that but first we shall look at only two variables. ! +% = ! 5
a a+
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a b a a-1

1,
a
l 1 1 a-—1 a
b

so it is not possible for positive integers. We have:

l+l: ! & atb_ 1 <  (a+b)’=ab Which is impossible.
a b a+b ab a+b

We shall now make a similar proof for 1 + 1 + ! = !

a b ¢ a+b+c

1 1 1 _l:c—(a+b+c) - a+b: —-a->b - —a-b a+b
a b a+b+c ¢ (a+b+c) ab (a+b+c)c (a+b+c)c ab

a+b Jra+b 0 o (a+b)ab Jr(a+b)(a+b+c)c _0
(a+b+c)c ab (a+b+c)abc (a+b+c)abc
(a+b)ab+(a+b)(a+b+c)c:0 - (a+b)(ab+(a+b+c)c:

(a+b+c)abc (a+b+c)abc

(a+b)(ab+ac+bc+cc):0 - (a+b)(a(b+c)+c(b+c):0

(a+b+c)abc (a+b+c)abc
(a+b)b+c)a+c)

=0 < a+b=0or b+c=0 or a+c=0
(a+b+c)abc

522. Determine x from: x* —4=94.96-98-100

X2 —4=94.96-98-100 < (x—2)(x+2)=(96-2)(96+2)(98—2)(98+2) <«
x—2=(96-2)98-2) and x+2=(96+2)(98+2) =

2x= (96-2)(98-2)+(96+2)(98+2) =
2x=96-98—2-98-2-96+4+96-98+2-98+2-96+4=2-96-98+8
x=96-98+4

523. Calculate the sum of the following infinite expressions:

page 8

If a -1 is a divisor in a then the only possibility is a = 2.

= V1+1+1+ s—\/1+2\/1+2 i+, S—\/1+n\/1+n N s—\/1+2\/1+3 Vi+..

s:\/1+\/2+«/3+...
I+ 1+ =l+s o s*=l+s & s*—s5-1=0; d=1+5=5

Known as the golden ratio.

2

_1+\/§_
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S:\/1+2m... o s=1+2s & $2-25-1=0 s=2+2\/§:1+\/§
/ 2
S:\/1+nm...® s =+1+ns = SZ_I’IS—I:O S:@

2
s = \/ 14 2+4/1+3+/1+... is much harder, but we may establish a recursion relation:

We denote: s, =n /1+s,,, < s, ="5-1

We shall determine the area of the square with side x,
expressed by the areas S and 7. With the notation of the
figure we have the isosceles triangles AED and EBF .
We can then establish:

b-x x

and x(a—x)=2S and x(b—x)=2T =

X a—Xx

2
gzzx—s = x'=4ST = x*=2JST
x

524. Determine the area of the triangle shown below.

From the triangle follows: B = 75°. From the formulas for the right angle
Triangle follows:

tanA:% = a=btanl5

a+b’=c> = (btanl5)’+b’°=16 = b’(1+tan’15)=16
16

T=Lagb=2Ltan15p* =Lttan15————
2 2 2 1+tan’15

525. Determine x from the equation: 49° — 42* = 36"
49" — 42" =36 < (7)) —6"-7T"—(6")’ =0
6

We divide the equation by 6" -7 to get: (%) -1- (7j =0

We put: y= [%j and then we have:
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+
y—l—le & yr-y-1=0 d=5 y=1_\/g
y 2
1+\/§
In|
2
X=— 2
In7-1n6

526. Solve for x: 2" =4x The solution is evidently x = 4.

527. Determine x and y from: x* —xy=12 and y>+xy=40

Actually we need only one of the two equations to determine x and y.

page 10

X-xy=12 & x(x-y)=2-6=3-4 < x=4 and x-y=3 < x=4 and y=1

But the second equation is not fulfilled with this choice. So we try

X-xy=12 & x(x-y)=2-6 < x=6 and x-y=2 <& x=6 and y=4

We can see that the second equation is fulfilled with this choice, since:
PV +xy=16+24=40 < p(y+x)=5-12=60

526. Determine the sides a, b, c in the triangle shown below.

- Furthermore the perimeter is a+b+c =60,
N The area 27 can be calculated in two ways as: ab =12c¢
© N a+b=60-¢c = (a+b)=(60-c) <
” a’+b*+2ab=3600+c> +120c
0 : o Since a® +b* =¢* and ab =12¢, we find:
¢’ +24c=3600+c’ —120c < 144c=3600 < c=%=
527. Solve forxand y: Inxlny=21 and xy=e"
InxIny=21 and xy=e° < Inxlny=21 and Inx+Iny=10
Weput a=Inx and b=Inb and find;
21 )
ab=21 and a+b=10 < a+—-10=0 < a —-10a+21=0 d=100—-84=16
a
10+4 7 3
a= 5 < a=7 or a=3 = Inx=7 and Iny=3 & x=e and y=e or

Inx=3 and Iny=7 < y=e and x=¢é

25
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528. Solve the differential equation: 7'(x)=f"'(x)

When a function has an inverse function, we have:

y=f@) & x=f0) and (f)(3)=—r or

7(x)
Tt P
@ OO
We replace y with x.
U B
U= = oy
If '(x)=f""(x) We then get:
VY — 1 neo 1 RN
V=G © 70w T he ©

O f"x)=1 o fMx)’'=1 o f'x)=*1 <

() =tx+c & [f(x)=tEx"+wx)+d

529. Find the length of |BD| from the triangle below.

o We may either write two expression for cos4 or cosC, we
choose cosA.

The cosine-relation for a triangle ABC is

\2 2a ¢ =a*+b>=2abcosC or
2 2 2
a +b” —c
p cosC=—"—"—
1 g0 v C 2ab

From the triangles ABD and ABC: we find:

If we solve for | BD |* we find: | BD '=225 = |BD|=15

. . V15 +4/35+4/214+5
530. Simplify:
P 52V + 47

VI5+35 442145 _ 345 +4547 +37+4545 _
VI5+2J5+47 V35 +245+4/7 B

BV +V5WT+45) _ (5+DE3+5) _ ab
WD+ E5447) (B +(5+47) a+b

531. Solve for x. X’ —4x*+5x-2=0

Although it is very easy two guess a root, we shall introduce the theory by guessing roots.

1. Factorizing a quadratic polynomial.
A number r is said to be a root in a polynomial p(x) if p(r) = 0.
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Determining the roots of a polynomial is the same as finding the intersection of p(x) with the x-axis.
We shall then show some theorems about the roots in a quadratic polynomial, which as we know,
may have two roots if d > 0, only one root if d = 0 or no roots if d < 0.

First we look at the case where d >0, where the polynomial has two roots 7| and 7.

riand r, arerootsin: p(x)=ax’+bx+c < ax’+bx+c=0 <

, b c
X +—x+—=0 & x=rVv x=1 &
a a
x-rn=0v x-rn=0 & (x—r)(x-r)=0

By multiplying the parentheses and collecting the terms, we have:

X’ = +n)x+rn =0

. b ¢
If we compare it to: x* +—x+—=0 , we see that we must have:
a a

C
n+tn=—— 08 n1n=—
a a

This can be formulated as:

In the ordered (by decreasing powers of x) and reduced (the coefficient to x* is 1) quadratic
equation, the sum of the roots is equal to the coefficient to x with opposite sign, and the product of
the roots is equal to the last term in the equation.

This theorem is often used to guess the roots in a quadratic equation

Example
1) Guess the roots in the quadratic equation: x* + 2x -15. We should think of two numbers having the sum -2 and
the product -15. The only possibility is 3 and -5 (Since the equation can have at most 2 roots)

2) If the roots are not integral numbers it is only a little more difficult.

3
x2+5x—1=0.Wecanseethat:—2+%=—% and —2-4+=-1,so theroots are -2 and & .

We have established above that:
x° +2x+£: (x=r)x-r,)
a a
Multiplying the equation by a, we find:
ax? +bx+c= a(x—n)(x—r,)

This is called the factorization of the quadratic polynomial, and it is a special case of a more
comprehensive theorem about factorization of higher degree polynomials .
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2. A theorem about the sum and product of the roots in a third degree
polynomial.

A third degree polynomial can be written as: p(x) = a,x’ + a,x” +a,x +a,

The polynomial is said to be normalized if a, =1 in which case we have:
p(x)=x"+a,x’ +ax+a,

Clearly, if « is a root in the normalized polynomial, so it is in the polynomial itself.
Let us assume that the polynomial has three roots: ¢, «,, &, then:

Y+ax’+ax+a,=0 < x=a VvV x=a, V x=a,
x-o,=0 v x-a,=0 v x-o,=0 <
x—a)(x-—a)(x-a;)=0 <

(" —(a, +a)x + o)) (x —ay) = X —(a, + a, + a)x” + (e, + o0 + a,a,)x — a0,

Which leads to the theorem:
In a normalized and ordered 3. degree equation, having 3 roots, the sum of the roots is equal to the

coefficient to x> with opposite sign. And the product of the roots is the constant term with opposite
sign.

2.1 Example

A normalized polynomial having the roots o, =1, a, =-2, a, =3 can be written as:
p(x)=x"=2x" -5x+6

It can be verified directly that o, =1, a, =-2, a, =3 are roots, and that

a +a,+ a;=2 and ao,a,=-6.

A similar theorem can be obtained from polynomial of higher degree, but they are not interesting,
since it does not help much to guessing the roots.

However, as it is shown in the section of polynomials that integral roots are divisors in the constant
term of the polynomial.

x’ —4x” +5x—2=0 if the roots are denoted: r,r,,7, we have according to the above theorem:

r,+rn+r,=4 and 1 -r,-r;=2 which has the only solution =2, r, =1, 1, =1.

552. Determine a, b, c such that: a+b+c¢=9 and a*+b*+c* =27

The solutionis a=b=c=3.
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553, Solve for x: x* =3 The solution is 13 since: 3/3)’ =3
X 62 6
553a. Solve for x: (gj =6° The solution is: x =6, since (Zj =65

554. Solve for x: 2++/3) +(2-+/3)" =4

(2+43) 2-+3) =2 -3y =1" =1
Weput a = (2 + ﬁ)x and b= (2 - \/5)" and then we have:

a+b=4 and ab=1 = a+l:4 o a*—4a+1=0;d=16-4=12

a
a:4i22\/g & a=2+3 or a=2-3 = (2+V3)'=2+33 o x=1or

2-3)'=2-33 < x=1

3x-2 2x-1
255. Solve for x: 2! +3+1 =43

3x-2 2x-1

2+ 43+ =43 We put o- =2

1

and b-2 and then we have: 2° +3" =43

The last equation evidently has the solution a =4 and b =3

3x—2:4 and 2x—1
x-1 x-1

=3 & 3x-2=4x-4 and 2x—-1=3x-3 x=2 and x=2

556. Determine the sides a,b,c in a right angle triangle with the perimeter
a+b+c=24 and the area T'=1ab=24.

We have:
a+b+c=24 = (a+b)’=Q2<4-¢c) < a’+b + 2ab= 576+c"-48¢ <

4
c*+96=576+c*-48¢c < 48¢=480 < ¢=10. a+b+c=24 < a+—8+10:24 =

a 257.

+
:14_2 a=8 or a=6 = b=24-a-c

a’*—14a+48=0 ;d=196-192=4. a

b=6 or b=8 ¢=10

X 2 6
Solve for x: (gj - 6” The solution is: *=6", since: (%} =6"
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558. Determine a and b, such that: 5° +5" =130. The solutionis: a=3 and b=1

559. Solve for x: cosx—cos2x=1 We have: cos2x =2cos’x—1 So we have:
cosx—2cos’x+1=1 <& 2cos’x—cosx—1=0 we puty=cosx
2y —y—-1=0 d=1+4=

2
1+4/5 1+4/5 1-4/5
4 4

5 y= & y=cosx= or y=COoSX=——

x=20.6283+2p or x=%1.8850+2p

1

560. Solve for x: —+ =x+2
x x+4
1
—+ 4:x+2 & x+H4+x=x(x+2)(x+4) & 2(x+2)=x(x+2)(x+4) <
X x+
—4+
x4+2=0 v x*+4x=2 & x*+4x-2=0; d=16+8=24; x=4_T2\/g =

x==2 v x=-2%46

561. Solve for x: x*' =144. The solution is: x=%/12, since:
Q2™ = §12) = (¥12)°)* =12° =144

562. solve for x: 7% =8’

x 7 x=7
7x+8 — 8x+7 = (Zj — (§j l & (Zj = l P X — 7 — _11'1—7
8 7) 7 8 7 In7—-1In8

B In7
In7—-1n8

562. Find the total area of the 4 triangles in the figure shown below

Our aim is to find the total area of all the

shaded triangles. We do by expressing that

the area of the rectangle is the area of triangle
plus the area=35 of the inscribed square.
2ab=5(b-T)+7-2+3(a-2)+(b-3)(a-5)+70
2ab=5b-35+14+3a—-6+ab—-5b—-3a+15+70
2ab=35+14—-6+ab+15+70 =
ab=64=8-8=4-16=2-32

Which have the solutions:

a=8 and b=8 or a=16 and b=4 ora=32 and b=2

The collected sum of the rectangles is 64 - 35=29
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563. Determine a from: &’ + 4’ =392 The solution is a = 7 since: 343+49 =392

263. Determine ¢! + b from: & +5° =10 and a+b=7

@+ =(a+b)’ -3ab(a+b)=10 = 343-2lab=10 < 2lab=333 = abzg

a’1+b’1:l+ a+b 49

1
a b ab 111

dx

564. Solve the integrals: j E

sin x
1

X X
ax; jsinxdx; jl+x4dx; j1+x4

cos’ 1
J-‘ dxz.[ —J- —J-z—dx—ln\tan |
sin x 2sin 5 coss 2sinjcosy 2cos” S tan 3
cos” %
- X _
((tan™" x)'= o= % I —dx=1tan™' x’

1+x

565. Determine a, b, ¢ from: & +5*> +¢* =1000 The solution is ¢ =30, »=6, ¢=8

Since: @’ +b*+c* =30 +6>+8 =900+36+64 =1000

566. Simplify 30 +12/6

We try to write 30+12v/6 as (a+/3 +bv2)* =3a” +2b> + 2ab /6
Since 2ab =12 and one possible solutionis a =2 and b =3 then we have:

3a% +2b% +2ab\J6 =12 +18+124/6 =30+12/6

So 30+12:/6 =24/3 +3+/2)

567. Solve for x: 9 +33* =121"
9" +33" =121" < (3) +3"-11"=(117)
We divide the equation by 3*-11"

3 11 3

—) +1=(—)" We put: y=(—)" and find:
(11) (3) put: y (11)

-1+
y+1—l:O & Y +y-1=0 ; d=1+4=5 y= 1;\/5
y
1 —1+4/5
3. —1+45 n———)
(=) = & x=— 2
11 2 In3-1Inll

567a. Solve for x: 169" +143" =121"
169" +143" = 121" & (137 ] +11713 = (11°f
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We divide the equation by 13*-117, and the en we have: (ﬁ)x +1= (%)X

We put: y= (%)" and find:

|
-+

NG

y—l—l—%:O & Y 4+y-1=0 ; d=1+4=5 y=

—1++5
—1+4/5 _ln( 5 )

& x=——m
2 In13-In11

2

13,
(ﬁ) =
569. Solve for x: x* =2 The solution is: x=+2, since(+2)? =2" =2

570. Calculate the value of the infinite expression: 1/2+/448...

The expression may be written: 4/2y2°v/2°... To find the sum, we multiply the square root with L .
NN =J2-(§)2J22\/2_3... =22 :Jszz Ay =

I o erone.. -

Pl @ -

\/2\/22 '(%)\/23 '(%)2\/24 3@V

2 G2 W2 WOV
SO N

a
o
\/ 2\/22 -(%)\/23 -@Nz“ (2B N2 =
b
b

2
2

222 O OO -
22 2 W OO -
J 2\/ 2 -@)\/ 2 OO OO

What we see is that all the numbers in the radicals are equal to 2.
We therefore have an infinite radical expression:
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s =12 2\/5 ... and we therefore have:

s = \/Z = s’=2s so s=2 Butwe multiplied with one half so s =4

571. Solve for x and y.

2x> —x+y—2xy=17

We rewrite the expression as: (2x—1)(x—y)=17

Since 17 is a prime then for integer solutions we must have:
2x-1)=17 and (x—y)=1 or Q@Rx-1)=1 and (x—y)=17
2x-1)=17 = x=9 and (x-y)=1 = y=8 or
2x-1)=1 = x=1 and (x—y)=17 = y=-16

572. Determine a,b,c,d from: a+b+c+d=60: a+b=20; b+c=30; c+a=40;

b+c=30 and a+b=20 = c-a=10
c—a=10 and c+a=40 = 2¢=50 = c¢=25

a=15;, b=5: a+b+c+d=60 = d=15

573. Solve for x: x* =100. The solution is: x=3/10, since;
@10 = ¥/10)"° = (10)°)* = (10)> =100

233+222+211
27 1

574. Simplify:

According to the formula for a quotient series: s =aq,

233+222+211 _ 211 (211)3_1 _ 211
233_1 233_1 211_1 211_1

576. Solve for x: 8" +2* =68.The solution is x = 2, since: 8 +2° =64 +4 =68
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576. Solve for x: x*' =144The solution is x =412 since: ¥/12)'* = (¥/12)2 =144

577.Given: x+y+z=0 and xyz=15 Determine x’+)’+2z’ =
We do it in two steps: First we notice that: x+y =—-z

Then we calculate x° +1° = (x + )’ =3xp(x + »)

X+Y +2 =(x+y) +2 =3xp(x+y)

XY+ =Boyx+y)+(x+y+z2) Buz(x+y+z) o

XY 42 = Bap(x+y)+(x+ y+2)(x+ y+2)> =3xy2)

Since x+ y+z =0 we have:

x’+y’+2° =-3xy(x+y) and since x+y =—z
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X+ y3 +z3 = =3xy(x+y)=3xyz=45

578. Determine x + y from: x’y+xy° =10 and x*+6x’y* +y* =41
¥y+x’ =10 < xp(x*+y*)=10
¥ +6x’y+yt =41 o (K +y) 44y =41 =

Ez+4x2 2241 < 100+4x*y* =41x%)°
( y y y
xy

We putt=x"y" and get: 4" —41t+100=0; d=41>-1600=81
4149
t=
2
w(x*+yH)=10 = x*+3°=2 or xX*+)’=3

t=25 v t=16 < x»*=25 v x’y’ =16 & xy=5 v xy=4

XAy =(x+y)Y-2xy=2 v x2+y2=(x+y)2—2xy=§ =
(x+y)Y’=12 v (x+y)’=10 < x+y=2\/§ v x+y=\/m
x+y=2\/§ and xy=5 = x+§—2\/§:O o xX*-23x+5=0
d =12-20<0 No solution???? '

x+y:\/m and xy=4 = x+%—m:0 o ¥ =10x+4=0

d=10-16 <0 No solution ?7??7?

x+y:2\/§+ or x+y:\/m

579. Solve forx andy: x'=y"

One solution is of course: x =y, but...
We shall apply the theorem if: a“ =b" then a=b.

x'=y" <yhx=xlhy <

1
1 I 1 1 - -
1r1_x:1n_y Inx*=Iny’ << x=y" <« (lj :(1] ’
X y X

So according to the theorem above, we have x = y.
580. Solve forx andy: x+xy+y=>54

x+xy+y=5%4 & (x+D)(y+1)=55=511 & x+1=5 and y+1=11 < x=4 and y=10
581. Solve for x: x’(x*-28)=-171x

(' -28)=-17lx & x# A x(x*-28)=-171 << x*-28x>+171=0

2 2810

d=28"—-4-171=100; =19 v x*=9 o x=+J19 v x=43
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581. Solve for x: 3** —-3* =3"
337 =3 & 3-3-1=0 Weput y=3"

1nl+\/§

+
Y —y-1=0 ; d=5 yzl_\/g = 3)‘:1+\/g - x=—2
2 2 In3

581. Solve for x: 2 =1-x* 2?2?72 It has only the solution x =0

2 2
582. Solve for ~: *_ +2 1471421 6-0
Y yo X y x

We put: a = Y and we get:

a2+i2+4a+4l+6:0 = (a+l)2—2+4(a+l)+6:0
a a a a

We put: z=(a+ l) , and we get:
a

2 4+4z4+44=0 (z+2)’=0 z=-2 & (a+l):—2
a

a’+2a+1=0 < a=-1 & x=-y

583. Determine m, such that: =’ +m*> =150. The solution is m =5, since:
5°+5* =150

583. Determine a and b, such that: 4* -36" =28. The solution is a=3 and b=1,
since: 4° —36 =28

584. Solve for x: x"* =2

X""=2 o Inxlnx=l2 < (nx)’=l2 < Ihx=t/ln2 < x=e"
585. Determine; x—— from x-+x=7
Jx
x-Jx=7 o \/;—lzl =
Jx

7 7 7
\/;:—+1 insert in x—\/;=7 x—-1=7 & x——=8

Jx Jx Jx

586. Solve for x: i/x +3¥x-16 =3/x-8 The solutionis: x=8

585. Solve for x: x’ +6x> +12x+8=0
If it has 3 roots «, 3,y we should have: o+ f+y=—6 and offy =-8.
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A solution is might be: « = =y =-2. We make polynomial division with x + 2
x+2| X +6x> +12x+8| x> +4x+4
X +2x°
4x* +12x

4x* +8x
4x+8
4x+8
¥ +4x+4=0 << (x+2)’=0 < x=-2 Double root.

586. Determine x and y such that: 9 +4° =9 and 3.2 =3
9+4"=9 and 3*2"=3 < (GB)V+2")?=9 and 3“-2"=3

Weput: x=3“ and y=2" and we have thus the equations:

2
x2+y2=9 and xy=3 = x2+(éj =9 = x'-9x?+9=0

X
+ +
d=81-36=45=5.9, x2=9‘3*/g & x=+ 94375
2 2
" 9+34/5
+
PP L\ ER I N R
2 In3

587. Solve for x: 12x° —28x> -3x+7=0

Since the polynomial is not normalized (coefficient to X is), we may not apply the theorem of sum
and product of the roots. So we will have to guess one root. It seems that x = is a root, so we make

polynomial division with x —1-.
x—%|12x3 —28x* =3x+7=0]12x* -22x—14

12x° —6x7
—22x* =3x
—22x% +11x
—14x+7
—14x+7
12x>=22x-14=0 < 6x°—11x—7=0 d=121+168=289=17"
lelli;” x=%1 or x=-4

) . . . L3 2 _
If we write the original polynomial as: x* —Zx" —4x+5=0

We can see that: - —3+Z=1 and 4-(—3)-f=-7 asitshould be.
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588. Determine a,b: such that : a¢+5=6ab

It is not specified that the equation has integer solution, as one should think.

Weput: a=x" and b=y, and find;
X 4+yP=6xy < (x—y) =4xy

Trying to find integer solutions to this equation fails. We therefore put y = kx :
¥ +y =6xy = x+kx"=6kx> = k’-6k+1=0; d=36-4=32
If the equation has integer solutions k should be a rational number, but it is not.

6+4+/2

2

k= =3+2+/2 With this value for k, the equation will be fulfilled for any x.

589. evaluate the integrals: [xVx’+ldx and [x'\x* +1dx

The first one is easy: jx\/xz +ldx=1(x"+ 1) +c
The second one requires integration by parts:

j F(0)g' (¥)dx =f (x)g(x) - j 2(x)f'(x)dx or in shorthand: j fdg =fo — j adf
[ Ve lar = [x'd(? 41 =4t ) -4 (o +D) dx
gj(x2+1);dx4 =4[ +l);dx=%jx3d(x2 +1)§ =2 (x? +1)§ —%j(xzﬂ);df -

[ +1)de:iljx2d(x2 +1) dx =

352 7

L+ - [+

517J-(x2+1)5dx2:% (241 dx = (3 +1)’

2579
The integral is then;

J.)csx/x2 +1dx =1x"(x* +1)

W

5 7 9
3,.2 2 2,2 2 2 2
—= X (x4 (X +]) =55 (7 +])

390. Determine the height and the length of the parallel sides in the trapez

From the two right angle triangles we have:
B a_ ¢ W +a’ =15 and K +b*=19" =
b*—a*=19>-15*=(19-15)(19+15)=4-34=8-17
P (b—a)b+a)=4-34 =
' " b—a=8 and b+a=17 =
g b 7 bzé and az%

Then it is easy to find the height:
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h2=152—a2:225—%:¥ = h=1819 or
625 _819 T

h=19"-b*=361———=——
4 4



